We propose a quantitative estimate of the charge gap that opens in the onedimensional dimerized Hubbard model at quarter-filling due to dimerization, which makes the system effectively half-filled, and to repulsion, which induces umklapp scattering processes. Our estimate is expected to be valid for any value of the repulsion and of the parameter describing the dimerization. It is based on analytical results obtained in various limits (weak coupling, strong coupling, large dimerization) and on numerical results obtained by exact diagonalization of small clusters. We consider two models of dimerization: alternating hopping integrals and alternating on-site energies. The former should be appropriate for the Bechgaard salts, the latter for compounds where the stacks are made of alternating T M T SF and T M T T F molecules.
I. INTRODUCTION
A large number of compounds exhibit one-dimensional electronic properties that can be described by a quarter-filled Hubbard model with some kind of dimerization. For instance, the Bechgaard salts (T MT SF ) 2 X and (T MT T F ) 2 X, where X denotes an anion like ClO 4 − , P F 6 − , Br − , etc... can be regarded concerning their electronic structure as being essentially one-dimensional systems above a crossover temperature T x of the order of 30K 1 . From stoichiometry it is known that there are 3 electrons in the HOMO for each pair (T MT SF ) 2 , so that the system is 3/4-filled in terms of electrons or quarter-filled in terms of holes. In the following we will always use hole notation and consider quarter-filled systems. A reasonable description of these properties should be provided by the dimerized Hubbard model defined by the Hamiltonian
where the kinetic part of the Hamiltonian is (see Fig. 1 ) The operators c † i,σ create particles in the HOMO of T MT SF or T MT T F with spin σ. We have included two hopping integrals t 1 and t 2 (t 1 > t 2 ) to describe the dimerization along the stacks 2, 3 . The dispersion of this model is given by ε(k) = t 2 1 + t 2 2 + 2t 1 t 2 cos k and is depicted in Fig. 2 . The important parameters are the dimerization gap ∆ D = 2(t 1 − t 2 ) that opens at the Brillouin zone boundary and the total bandwidth W = 2(t 1 + t 2 ).
To the hopping part of the Hamiltonian we have to add an interaction part to describe the correlation between the electrons. For simplicity, we have chosen the form of the standard
Hubbard model
where U is the on-site Coulomb repulsion and n i,σ = c † i,σ c i,σ .
This model should also provide a good description of salts like (F A) 2 P F 6 , where F A stands for Fluoranthenyl, which undergo a Peierls transition leading to dimerization along the stacks at a temperature of order 190K 4, 5 . There is another class of materials however for which a modified version of the previous model is more appropriate. These materials are related to the Bechgaard salts, but the stacks now consist of alternating T MT T F and T MT SF molecules 6 . A minimal model in this case would be a Hubbard model with alternating atomic on-site energies, with a kinetic part of the form by W = 2ε 0 . However, although the dispersion relations are the same, the two models are different because the interaction part will not be the same when expressed in terms of the operators that diagonalize the kinetic part of the Hamiltonian. Let us also note that a similar model has been recently proposed by Sudbø et al. 7 as a one dimensional analog of the copper oxide layers in the high temperature superconductors. A model where dimerization is induced via alternating on-site repulsions has also been studied 8 .
It is clear from Fig. 2 that, due to dimerization, the system is effectively half-filled. In this case, it is known from the general theory of one-dimensional models 9,10 with umklapp scattering that an on-site repulsion of arbitrary size will open a gap in the charge sector.
This has been shown explicitly in the case of the Hubbard model for which exact results are available from the Bethe ansatz solution 15 . In the general case, where no exact solution is known, a quantitative estimate of the gap is not available so far. This is unfortunate because such an estimate is necessary to interprete the activated behaviour of the resistivity observed at relatively low temperatures in several compounds, which in turn provides an estimate of the magnitude of the Coulomb repulsions. An analysis of that sort has already been performed for the Bechgaard salts of the T MT T F family on the basis of a preliminary determination of the charge gap in the model with alternating hopping amplitudes 12 .
In this paper, we propose a quantitative estimate of the gap in the case of the dimerized models described above that should be valid in the whole range of parameters. This estimate is based on approximations that provide analytical expressions in various limits, and on numerical calculations using Lánczos diagonalization of small clusters. As we think that the results might be useful to readers that do not want to go through the details of the They are in good agreement with analytical approximations in different limits, as we will show in the subsequent paragraphs.
Large dimerization:
In this limit we have mapped our model onto the exactly solvable Hubbard model at half-filling and we found that the gap is given by:
(2.1)
In Fig. 5 we have compared our estimate with numerical results (curve a) for t 2 = 0.1, where
we can see the crossover from the exponential regime (curve d) to the linear one (curves b and c, b is without the quadratic term U 2 /16t 1 ) for U/t 1 ∼ 0.5 .
Weak coupling limit
In the weak coupling limit (U ≪ t 1 , t 2 ), using the RG group method and results from the large dimerization limit, we found that the gap is exponentially small [see Eq. (6.24)]:
where the parameters a and b can be found in Table I for different values of t 2 /t 1 .
In Fig. 6 we compare the numerical values of the gap for t 2 = 0.3 and t 2 = 0.4 with the weak coupling approximation Eq. (2.2). We can see that up to U/t 1 = 4 the weak coupling formula gives very good results.
Strong coupling limit
When the on-site repulsion is large enough (U ≫ t 1 , t 2 , 4t 
where the parameters ∆ D /t 1 and c can be found for different values of t 2 /t 1 in Table I .
Intermediate region
On the basis of the previous results, we can propose an estimate of the gap for any value of the parameters. This can be achieved by using Padé approximants to connect the exact results we have obtained for U small and U large respectively. For t 2 ≥ 0.2, we have used the weak coupling expression up to U 0 , where U 0 is not too large (actually we choose U 0 /t 1 = b for t 2 /t 1 ≤ 0.5 and U 0 /t 1 = 4 for t 2 /t 1 > 0.5) and Padé approximants of the form
for U > U 0 . The coefficients are chosen in such a way that, for U → +∞, the Padé approximant gives the correct large U behavior given by Eq. (2.3) and that, at U = U 0 , the resulting curve and its derivative be continuous. The curves depend weakly on the value of U 0 : Changing the value of U 0 by 50% affects the value of the gap by less then 10%. In Fig. 5 ) by a linear interpolation. The resulting curves for t 2 /t 1 ranging from 0.1 to 0.9 are presented in Fig. 4 .
B. Alternating on-site energies
Large dimerization:
In this limit we have mapped our model to the exactly solvable Hubbard model at halffilling and we found that the gap is given by:
(2.5)
Weak coupling limit
In the weak coupling limit (U ≪ ε 0 , t), on the basis of renormalization group analysis and results from the large dimerization limit, the gap is exponentially small and is given by [see also Eq. (6.38)]:
The parameters a and b are given in Table III for some values of ε 0 /t.
Strong coupling limit
When the on-site repulsion is large enough (U ≫ ǫ 0 , t, 4t 2 /ǫ 0 ), the effective Hamiltonian of our model is again a t − J like Hamiltonian and we found that the charge gap is [see also Eq (7.36)]:
The parameters ∆ D and c are given in Table III for some values of ε 0 /t.
III. NUMERICAL SIMULATIONS
We have done intensive numerical simulations based on Lánczos diagonalization of small clusters for the model with alternating hopping integrals. Our numerical estimation for the gap was based on the usual formula 
This procedure has been shown to work very well in the case of the Haldane gap of spin-1 Another limitation comes from the size of the repulsion. When U is very large, the convergence of the Lánczos algorithm becomes very slow, and it is no longer possible to get good values of the energy. So, in summary, good estimates have been obtained for ∆ D > ∼ t 1 and 1 < ∼ U/t 1 < ∼ 60. This does not cover the range of parameters for actual compounds, for which one often has ∆ D /t 1 , or U/t 1 ≪ 1, and analytical methods are clearly needed to complement these numerical results. In fact, the analytical methods developed in the rest of the paper provide an estimate of the gap for any value of the parameters, and the numerical simulations have been only used to check the analytical results.
IV. EXACT RESULTS
A schematic picture of the regions of interest as a function of the model parameters are given in Fig. 3 for each model. Exact, although trivial, results can be deduced on the boundaries and they are summarized in this section.
A. Alternating hopping amplitudes
This is a quarter-filled Hubbard model and we know from the Bethe ansatz solution that there is no gap in the spectrum.
(ii) t 2 = 0: The Hamiltonian describes a set of independent systems, each system consisting of two sites. At 1/4 filling there is one electron for each pair of sites in the ground state. The gap is then given by
, where E 0 (n) is the ground state energy of n electron on a pair of sites. These energies are
)/2 and the charge gap is (iv) U = +∞: The energies that enter Eq. (3.1) are the same as for free spinless fermions at half-filling, because the energy is independent of the spin when U = +∞ for open boundary conditions (or for periodic one in the limit N → +∞). So, the charge gap is actually the same as for a system of spinless fermions described by the kinetic part of the Hamiltonian at half-filling, which is nothing but the dimerization gap (see Fig. 2 ). So
B. Alternating on-site energies (i) ε 0 = 0: This is a quarter filled Hubbard model, and there is no gap.
(ii) ε 0 = +∞: The odd sites are outside the Hilbert space. The ground state has one particle per even site, and the first excited state has a doubly occupied site. So clearly
(iii) U = 0: The Fermi energy is in the middle of the band, and ∆ c = 0.
(iv) U = +∞: The dimerization gap 2ε 0 and the charge gap coincides, like in the case of alternating hoppings.
(v) In the atomic limit (t = 0) the charge gap is given by ∆ c = min(U, 2ε 0 ).
V. THE LIMIT OF LARGE DIMERIZATION
In this section, we consider the limit of large dimerization, that is the limit where the dimerization gap ∆ D is much larger than both the width of each subband and the repulsion U. This limit corresponds to t 1 ≫ t 2 , U for the model with alternating hoppings and to ε 0 ≫ t, U for the model with alternating on-site energies. It is particularly interesting because in both cases the model can be mapped onto the half-filled Hubbard model, so that we can use the exact result provided by the Bethe Ansatz for the charge gap 15 .
A. Alternating hopping amplitudes
To diagonalize the part of the Hamiltonian corresponding to the hopping terms t 1 , we introduce bonding and antibonding operators defined by:
where j is now even. In terms of these operators, the Hamiltonian becomes
The bonding and the antibonding bands are separated by a large energy 2t 1 . The occupation of the upper band is thus negligible and to zeroth order in 1/t 1 we get 
, which, with our notations, reads
For large interaction (U ≫ t 2 but still U ≪ t 1 ), the exact expression becomes ∆ c = U/2−2t 2 .
To compare with other limits, it is useful to go to next order in 1/t 1 . Using a SchriefferWolff transformation, we can determine the 1/t 1 corrections to the zeroth order effective
Hamiltonian by including scattering processes to the antibonding band and we get
The on-site repulsion is reduced by a U 2 /16t 1 , and a second nearest neighbor hopping appears. The formula for the gap is now modified to
The second formula agrees with Eq. (4.1) when t 2 = 0. The first one will be used in Section VI. We have illustrated the above estimates of the gap on Fig. 5 .
B. Alternating on-site energies
In the limit ε 0 ≫ U, t the occupation of the energetically lower lying even sites is much larger than that of the odd sites. Using this, we can again find an effective Hamiltonian starting from t = 0, in which case only the even sites are occupied. Switching on the hopping, the electrons can hop to the energetically unfavorable odd sites, and from those sites they can hop further. This second order virtual process produces an effective hopping of order t 2 /2ε 0 between the even sites, so that the effective Hamiltonian is given by
Here the Hamiltonian acts on a Hilbert space with empty odd sites. This effective Hamiltonian describes a half-filled Hubbard model with a hopping amplitudet = t 2 /2ε 0 and repulsionŨ = U, so again we can use the expression of the charge gap for the Hubbard model. In the weak coupling limit (U ≪ t 2 /ε 0 ), we get
In the intermediate coupling limit, where U is larger than the effective hopping, but smaller then the energy splitting of the two bands ǫ 0 , the gap is given by ∆ c = U − 2t 2 /ε 0 .
VI. WEAK COUPLING LIMIT
In this limit we can first diagonalize the hopping part of the Hamiltonian and treat the interaction as a perturbation. To do that, we introduce the Fourier transforms of the electron creation and annihilation operators keeping in mind that there are two sites in the unit cell:
Here L is the number of sites, L/2 is the number of unit cells, and the length of the unit cell is set to 1.
A. Alternating hopping amplitudes
The Fourier transform of the kinetic part of the Hamiltonian (1.2) is
Let us introduce annihilation operators for the electrons in the lower (d k,σ ) and upper (f k,σ ) bands by
where s(k) = exp i(α k /2 + k/4) and α k is defined by
The hopping part of the Hamiltonian is now diagonal:
The Fermi velocity v F is given by
where ∆ D = 2(t 1 − t 2 ) is the dimerization gap and W = 2(t 1 + t 2 ) is the total bandwidth (see Section. I).
The Fourier transform of the Hamiltonian (1.3) describing the interaction is
where 
where we have kept only the fermions near the Fermi energy.
From the interaction part of the Hamiltonian we can identify the interactions between the electrons near the Fermi surface, the so called g-couplings of the g-ology 9 . Usually these couplings are spin dependent. However, in our model the interaction is isotropic, thus we do not have to worry about the spin dependence, and they read:
The umklapp scattering amplitude g 3 vanishes linearly with ∆ D for small ∆ D /W , in agreement with the estimates 16 obtained using perturbational arguments to get the strength of the umklapp scattering. Clearly, the model of Eq. (6.10) is not equivalent to the half-filled Hubbard model, for which all the g couplings are equal and given by U.
In perturbation theory, the logarithmic corrections to the vertex generate the differential equations of the renormalization group (RG) approach when one integrates out the degrees of freedom far from the Fermi level 9, 10 . There are four differential equations altogether, but near half-filling we need only the equations which describe the charge degrees of freedom and give rise to the charge gap. As we know from Larkin and Sak 17 , to account correctly for the fluctuations which give rise to the √ U factor in Eq. (5.4), we need the RG equations up to third order in g-s. Introducing g = 2g 2 − g 1 and denoting byg the renormalized couplings corresponding to momentum cutoffD, the 3 rd order RG equations we need are
where
is the velocity of the charge excitations. There is a scaling invariant 
Reducing the cutoffD, we scale towards the strong coupling region, where the RG equations are no longer valid. This cross-over occurs when the cutoffD corresponds to an energy scale that has been identified with the charge gap 10, 17, 18 . So integrating the scaling equations (6.12), we get
whereD 0 is the initial cutoff withg(D 0 ) = g andg 3 (D 0 ) = g 3 . Keeping only the leading and next to leading terms of g, and introducing the notation ξ = g 3 /g, one gets
Arth
where the constant ln C ∆ contains the terms like 1/g(∆ c ) which are small compared to 1/g, asg scales towards the strong coupling limit. As in that region the RG equations are not any more valid, all the possible corrections are incorporated in that constant 17 . We have separated 1/4 from the constant ln C ∆ for convenience.
Replacing v c by v F + g/2π ( g 4 = g in the leading order in U), and exponentiating, we
Its behavior in the case of small dimerization is given by
where we have used the fact that Arth
This is the same form as found by Luther 19 for the charge gap if the umklapp scattering is small compared to the 2g 2 − g 1 , which in our notation means ξ ≪ 1 (see also Ref. [ 10] ).
Using the g-couplings of Eq. Clearly, to get a quantitative estimate of the gap one has to include these contributions.
To be fully consistent with our determination of the U dependence, which relies on RG equations up to third order in g (see Eq. (6.11)), one should in principle calculate the vertex corrections to the coupling constants to third order in U. The problem with that program is that the calculation of the third order is hopelessly cumbersome. We think however that a calculation of the vertex correction to second order in U is sufficient. The procedure we have used is the following: First, we calculate the second order corrections to the effective interactions near the Fermi surface by integrating out all the electron states except those which are closer to the Fermi surface than some small cutoffD 0 in the lower band. Then, if the cut-offD 0 is small enough, the dispersion relation of the electrons within this cut-off around the Fermi surface is essentially linear and we can safely use the RG equations of Eq. (6.11) to decrease the cutoff further down to ∆ c /v c . Now, the cut-offD 0 can be taken very small: It just has to be larger than ∆ c /v c , and we already know that this quantity is exponentially small in the weak coupling limit. So this procedure should be valid. Finally,
we will see that for smallD 0 (W/v c ≫D 0 ≫ ∆ c /v c ) the result for the gap is independent of the cutoffD 0 .
To calculate the higher corrections in U, we must take into account the virtual processes that involve states in the upper band and consider the full interaction Hamiltonian instead of Eq. (6.9):
where we have written only the terms which are responsible for the second order corrections in U. To that order, the effective interactions are given by
where we have denoted by D 1 , ..., D 5 the diagrams contributing to the effective interaction (see Fig. 8 ). They are given by
,
Here α F and ε F stands for α(k F ) and ε(k F ).
The integrals D 1 , D 2 and D 5 contains a logarithmic singularity ln(2/D 0 ), and, after some algebra, one can separate these contributions, so that the effective interactions can be written as 20) where
) and I ± 0 , I 1 and I 2 are non-singular integrals given by:
(6.21)
For A ≪ 1, they read:
If it were only for a single band with linear dispersion relation these integrals near the ln(2/D 0 ) would not appear.
Using the couplings of Eq. (6.20) in Eq. (6.15), we get to determine the prefactor, and this gives C ∆ = 2 2/π. Our final expression for the gap in the weak coupling limit is thus
It is interesting to compare this approach with that of Larkin and Sak 17 , who used slightly different arguments when they calculated the gap in the negative U Hubbard model in the small U limit. It can be shown very easily that our method is equivalent to theirs and gives the same result for the attractive Hubbard model.
B. Alternating on-site energies
The Fourier transform of the kinetic Hamiltonian (1.4) using the Fourier transforms of the operators defined in Eq. (6.1) is
It can be diagonalized in terms of new creation and annihilation operators defined by
where β k is given by
The kinetic part of the Hamiltonian reads
The dimerization gap opening at the Brillouin zone boundary is ∆ D = 2ε 0 , the 'total' bandwidth is W = 2 ε 2 0 + 4t 2 and the Fermi velocity is
Replacing the new operators defined in Eq. (6.27) for the lower and upper band into the interaction Hamiltonian (6.8) we get: Like in the case of alternating hopping amplitudes, to determine the effective couplings g, we first integrate out the high energy processes up to some cutoffD 0 :
where we have denoted by D 1 , ..., D 10 the diagrams contributing to the effective interactions (see Fig. 9 ) which are given by
Again, like for the case of alternating hoppings, we separate the logarithmic divergencies from integrals D 1 , D 5 and D 9 , and we write the effective couplings as
The expressions for theĨ's are rather complicated and, for brevity, we will give here only their value in the limit of large dimerization (the compounds which can be described by this model presumably have parameters which lie in this limit): 
We have calculated numerically theĨ-s for a few values of ε 0 /t and they are presented in Table IV .
For g 4 , it is sufficient to take the value without the U 2 corrections:
(6.37)
Replacing the effective interactions into Eq. (6.15), we get
where the constant has been fixed so that for large dimerization (ε 0 ≫ t) we get Eq. (5.8).
HereC is given bỹ
(6.39)
VII. LARGE U LIMIT
In the large U limit a canonical transformation can be applied to obtain an effective Hamiltonian analog to the t − J Hamiltonian of the non dimerized Hubbard model. We know already that if there are two alternating hoppings, a dimerization gap ∆ D opens at the Brillouin zone boundary, and, in the limit U → +∞, this gap becomes the charge gap.
This will be modified by the spin interaction, which will give corrections of order 1/U.
A. Alternating hoppings
If U ≫ t 1 , t 2 , and since we have two different hopping amplitudes, the effective model will be a t − J model with alternating t 1 and t 2 hoppings and alternating J 1 and J 2 exchange interactions:
(c exchange part as a perturbation. This is possible if the exchange integrals are smaller than the hopping integrals, which reduces to the condition J 1 ≪ t 2 (remember that t 2 < t 1 , and thus that J, J 2 < J 1 ), or, in terms of the original parameters, U ≫ 4t 2 1 /t 2 . In this limit, the part describing essentially hopping of spinless fermions can be solved exactly and the exchange part is then treated as a perturbation. This can be achieved by assuming that the wave function is the product of a charge and a spin wave function, where the spin wave function is defined in a Hilbert space of dimension 2 N , i.e every charge has the additional freedom of having its spin up or down:
Here |Φ is the spin part of the wave function, while |sf , the wave function of the N spinless fermions, is the ground state of the kinetic Hamiltonian. Following standard perturbation technique for the case of a degenerate ground state, we will have to diagonalize the following 2 N × 2 N Hamiltonian to lift the degeneracy of |Φ and get the 1/U energy corrections: 
